Quantum Computational Complexity and the
Vacuum of Free Scalar QFT

Eric Lobato Graef

IFT- UNESP

December 2022



Main Topics

» Complexity
» Interpreting Free Scalar QFT as Harmonic Oscillators

» Complexity of the Vacuum in Free Scalar QFT
(2017 - Circuit Complexity in Quantum Field Theory)

» Applications of Quantum Complexity

» Holography, Quantum Gravity and Complexity



Complexity

In computer science, it’s useful to classify problems according to the
computational resources required for their solution.

The complexity of a problem is, roughly speaking, the minimum
number of operations required to solve the problem.

Nielsen has developed an approach to evaluate quantum complexity
based on the continuous evolution of quantum states.



Nielsen’s Approach

We define an unitary operator to represent a circuit which performs
the transformation from reference to target:

Ulr) = |¢x)

It’s analogous to a time evolution operator:

%exp/ drH(7); O(1) = U

The Hamiltonian can be expanded in terms of a basis of “elementary
generators” O, with coefficients Y called “control functions":

= Z Yi(7)O,
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We define the “cost” of a circuit in terms of a “cost function" F:

Cost = /O 1 drF(U(7), U(r))

The complexity of a target state is the cost of the most efficient
circuit that generates it from the reference state.

Finding the complexity means minimizing the cost integral.

The complexity:

> Is relative to the reference state
» Depends on the choice of F



There are desirable restrictions which can be imposed on F in a way
that it ends up describing the metric of a Finsler manifold. The
problem of minimizing the cost then becomes a problem of finding
geodesics.

Still, one can pick between various possibilities, such as:

Fi(r) = ()|
|

Fo(r) = [D_ V(")

With F>, the problem of minimizing the cost becomes the problem of
finding a geodesic in a Riemann manifold.



Scalar QFT as Harmonic Oscillators

Classical Lagrangian:
L= /d4x; [ 0,00t 'p — m*¢ |
Hamiltonian after quantization (mostly minus metric):
= /d3x; {IQI2 + (VQAS)Z + m2<z“>]

We can discretize by separating points by a distance ¢:

_ i 531 [nz ) + m232(ii) + 6~ 22 o(ii + &) — 43(?1))2]

nl,nz,n3 i=1
o



By making the following definitions:

m=w: Q=061 M=¢§"!

We obtain the following Hamiltonian:

o) 3
Z JZ () + Mw&2(71) + MQ> > ~(R(F + @i6) — &(7))?
ny,nz,n3 i=1

Infinite coupled harmonic oscillators in each direction!!



Complexity for a Pair of Coupled Oscillators

Let’s start with a pair of oscillators. The Hamiltonian is:

A= [pt+p3+w? (R +83)+ Q1 — %)

N~

Defining normal modes:

We obtain:

A=

= N

Decoupled oscillators!!



The ground ground state is our target:

. e 1/4 1, .. .
o) = B D (@22 1 a2

NG

We pick an arbitrary reference state:

or(x1,%2) = \/Eexp[—g(xf + x%)}

Gr(fr %) = \/Eexp[—’z‘(%i +2)]
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We can define elementary gates using position and momentum as
generators:

Ta(€) = expiep, —> Shift (%,) by e
Ka(€) = expiek, —> Shift (p,) by €
Qup(€) = expieRap, — Shift () by e(R);a # b
Qu(€) = expie(RaPa + Paka) —> Scale (X,) by exp(2¢)

The same can be done for the normal modes:

A

Q4 () = expie(Xep+ + paXs) — Scale (X+) by exp(2¢)
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To go from reference:

RORSENCE EEICRE 3)

To target:

NZs

We only need the scaling operator (ﬁli:

~ o~ \1/4
de(R%y, %) = (w.;.cu_)exp[ ;(wix_i_ —|—GJEN2_)]

0i(e4)0-(e2)

- (3)

It has been proved that this is the most efficient circuit for F; and F>!

|¢r) [
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To obtain the complexity, we go back to the definitions:

A

1 A
001) = P e [ d#h(7) = By(en)B-(c)
1
<73 EXP/ d%(Y+@+ + Y_@_) = exp<€+(§+ + 6_@_>
0
Since there’s no path dependency:

Yy =e4
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By using the cost functions F; or F>:

)= I%(r)

= [2.%()
I

We obtain:
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Complexity of the Vacuum in Free Scalar QFT

To study the complexity of the vacuum in free scalar QFT, let’s
consider a system of N one dimensional coupled harmonic oscillators
in a lattice with periodic boundary conditions.

This is a way of regularizing divergences:

0o 3
A= Z B2 () + MmS2(7i) + MQ2 S (R(7i + &6) — A(i7))?

ni,ny i=1
:foo

N\n—-
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To find the normal modes, we employ a discrete Fourier transform:

Nz: < kan) 2,

=0
-1 . 2mikn )\ .
X
p N Pn

We obtain a Hamiltonian for N decoupled oscillators:

xv
Il

=
=

Il
2 sl
=2
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n=0

4
—

N —

A~

H= [pkpkan,jq2 q

=~
Il
o

_ R
OF = w? + 4Q7 sin? ()
N
The excitations of these oscillators are the so-called particles.
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The vacuum is our target:

di(fo. %, ) =[]
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Like in the case with two oscillators, the only operator we need to go
from reference to target is:

@(e) = expie(Xepp + prxp) — Scale (X,) by exp(2¢)

T Qule
_—

160) Y, )
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At last, we obtain the complexity by employing the definitions:

1 N—1
U(1)="P exp | d7h(%) =[] Quler)
0 k=0
o 1 N—1 N—1
P exp/ d7 (Z Ykok> = exp (Z 6k0k>
0 k=0 k=0
Y = €
N—1 ~ N—1 ~
_1 Wk _ 1 2 (@
¢ =3 In C=5 Zm(ﬁ)
) k=0

Let’s analyze C;.
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We can rewrite C; as:

as:

Wherew =mand Q = 5L
Also, we can write the number of oscillators as:

N=—
)

Where L is the length of our lattice.
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Therefore, we obtain:

To recover QFT, two limits must be taken:
L— oo (orN—o0); 6 =0

Each of them causes C; to diverge.
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We know that, in the QFT limit, the normal mode frequencies respect
the following:

D =m’ +pj

The momentum originates from the second term inside the In. Let’s

identify this term as p?:
m  p2
In + ok
( p o op?

When we take the limits and sum over all k, we also end up with
k — oo. This is the so-called UV divergence:

N-1 1 m2 4sin? (”k) 1 Ml
n _— _— = —
2 2
k=0 H 0%y gl

e

lim
6—0 pk

N—oo
k—o00
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Then, it’s possible to argue that, in order to obtain the leading
contribution to C;, we only need to consider the UV contribution:

1 m2 2 1 N—1 2

lim C; = lim = In —2+p—§ ~ lim - E lnpg

5—0 5—0 4 In B 5—0 4 10
N—o0 N—oo k=0 N—oo k>IR

But we can find an even simpler expression:

o[ [T o] o (5)

Inthe UV, 2 In [%} dominates.
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We have, finally:

The leading contribution to C;.

A similar analysis gives the leading contribution to Cs:
1 /L 2
e 3150 ()
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Applications of Quantum Complexity

> Quantum computing

» Quantum chaos

» Topological phase transitions

» Holography and quantum gravity
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Holography, Quantum Gravity and Complexity

» AdS/CFT

Mathematical equivalence between a 4 dimensional CFT (boundary)
and a gravitational theory in 5 dimensional AdS space (bulk).

A special case of the holographic principle.
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2001 - Eternal Black Holes in Anti-de Sitter
Description of ER bridges as entangled CFTs.

2006 - Holographic Derivation of Entanglement Entropy from
AdS/CFT

Relation between entanglement and spacetime geometry.

2010 - Building up Spacetime with Quantum Entanglement
Relation between spacetime connectivity and entanglement.

2013 - Cool Horizons for Entangled Black Holes
(ER = EPR) Description of ER bridges as a manifestation of EPR

correlations.

2014 - Entanglement is not Enough
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» 2014 - Entanglement is not Enough

“Entanglement is not enough to understand the rich geometric
structures that exist behind the horizon and which are predicted by
general relativity. Entanglement entropy only grows for a very short
time, but the growth of Einstein-Rosen bridges is expected to last for
a very long time. Encoding that growth in the quantum state requires
quantum complexity.”

Leonard Susskind
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Conjectures relating complexity and the geometry of spacetime allow
us to obtain the so-called “holographic complexity".

The leading contributions to holographic complexity obtained from
CV and CA conjectures:

L LY [ Laas
o i O (5)'”(@)

For the vacuum of free scalar QFT, we have found:

1/L 2 1 /L 2
a3 (5)n(Ga) e alin(o)
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Just a few days ago!

Article | Published: 30 November 2022

Traversable wormhole dynamicsona
quantum processor

Samantha I. Davis, Nikolai Lauk, Hartmut Neven & Maria Spiropulu

Nature 612, 51-55 (2022) ‘ Cite this article
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“Where there is quantum mechanics, there is also gravity."

Leonard Susskind

31



References |

Robert A Jefferson and Robert C Myers. “Circuit complexity in
quantum field theory”.

Dean Carmi, Robert C Myers, and Pratik Rath. “Comments on
holographic complexity”.

Shira Chapman and Giuseppe Policastro. “Quantum computational
complexity from quantum information to black holes and back”.

Michael A Nielsen. “A geometric approach to quantum circuit lower
bounds”.

Michael A Nielsen and Isaac Chuang. Quantum computation and
quantum information.

32



References I

[6]

[9]

[10]

[11]

Juan Maldacena. “The large-N limit of superconformal field theories
and supergravity”.

Juan Maldacena. “Eternal black holes in anti-de Sitter”.

Shinsei Ryu and Tadashi Takayanagi. “Holographic derivation of
entanglement entropy from the anti—de sitter space/conformal field
theory correspondence”.

Mark Van Raamsdonk. “Building up space—time with quantum
entanglement”.

Juan Maldacena and Leonard Susskind. “Cool horizons for entangled

black holes”.

Leonard Susskind. “Entanglement is not enough”.

33



References lll

Leonard Susskind. “Dear qubitzers, GR=QM”.
Daniel Jafferis et al. “Traversable wormhole dynamics on a quantum
processor”.

Tibra Ali et al. “Chaos and complexity in quantum mechanics”.

Pawel Caputa and Sinong Liu. “Quantum complexity and topological
phases of matter”.

34



	Opening
	Complexity
	Scalar QFT as Harmonic Oscillators
	Pair of Harmonic Oscillators
	Complexity of the Vacuum in Free Scalar QFT
	Applications of Quantum Complexity
	Holography, Quantum Gravity and Complexity
	References
	References

